Abstract. In this paper we introduce a new fractional derivative with respect to another function the so-called ψ-Hilfer fractional derivative. We discuss some properties and important results of the fractional calculus. In this sense, we present some uniformly convergent sequence of function results and examples involving the Mittag-Leffler function with one parameter. Finally, we present a wide class of integrals and fractional derivatives, by means of the fractional integral with respect to another function and the ψ-Hilfer fractional derivative.
Introduction
Fractional calculus has caught the attention of many researchers over the last few decades as it is a solid and growing work both in theory and in its applications [1, 2] . The importance of fractional calculus growth is notable not only in pure and applied mathematics but also in physics, chemistry, engineering, biology, and other [3, 4, 5, 6, 7, 8, 9, 10, 11] .
Since the beginning of the fractional calculus in 1695 [12, 13, 14] , there are numerous definitions of integrals and fractional derivatives, and over time, new derivatives and fractional integrals arise. These integrals and fractional derivatives have a different kernel and this makes the number of definitions [1, 2, 15, 16, 17, 18, 19] wide.
With the wide number of definitions of integrals and fractional derivatives, it was necessary to introduce a fractional derivative of a function f with respect to another function, making use of the fractional derivative in the Riemann-Liouville sense, given by [1] where n − 1 < α < n, n = [α] + 1 for α / ∈ N and n = α for α ∈ N. However, such a definition only encompasses the possible fractional derivatives that contain the differentiation operator acting on the integral operator.
In the same way, recently, Almeida [20] using the idea of the fractional derivative in the Caputo sense, proposes a new fractional derivative called ψ-Caputo derivative with respect where n − 1 < α < n, n = [α] + 1 for α / ∈ N and n = α for α ∈ N.
Although such definitions are very general, there exist the possibility of proposing a fractional differentiable operator that unifies these above operators and can overcome the wide number of definitions. In this perspective, we will use the Hilfer fractional derivative idea [21] , and propose a fractional differential operator of a function with respect to another ψ function, the so-called ψ-Hilfer derivative. The advantage of the fractional operator proposed here, is the freedom of choice of the classical differential operator, that is, once it acts on the fractional integral operator, once the fractional integral operator acts on the differential operator. Thus, the class of fractional derivatives derived from the ψ-Hilfer operator is in fact larger, making the fractional operator a generalization of the fractional operators above defined.
The paper is organized as follows. In Section 2 we begin with the definition of some spaces of functions, among them, the weighted spaces. In this section, we present the definition of fractional integral of a function f with respect to another function ψ and the definitions of fractional derivatives ψ-Riemann-Liouville and ψ-Caputo. From these definitions, some important results were introduced for the development of the paper. In section 3, we present our main result, the definition of ψ-Hilfer fractional derivative. We discuss some properties of the fractional operator: the identity, is limited, the relation with the operators ψ-RiemannLiouville and ψ-Caputo as well as the relation with the fractional integral operator. In Section 4, we present some results involving uniformly convergent sequence of functions and some examples involving Mittag-Leffler functions and the ψ function. Section 5 deals with the class of integrals and fractional derivatives derived from the fractional ψ-Hilfer operator and the integral fractional operator. Concluding remarks close the paper.
Preliminaries
In this section, we present weighted spaces and some new concepts related to the fractional integrals and derivatives of a function f with respect to another function ψ. In this sense, some results that will be important in the course of the paper, will be mentioned.
Let [a, b] (0 < a < b < ∞) be a finite interval on the half-axis
be the spaces of continuous functions, n-times absolutely continuous, n-times continuous and continuously differentiable functions on [a, b], respectively.
The space of the continuous function f on [a, b] with the norm is defined by [1] 
On the order hand, we have n-times absolutely continuous given by
The weighted space
with the norm
.
For n = 0, we have,
The weighted space C
be a finite interval on the real-axis R. The Riemann-Liouville fractional integrals (left-sided and right-sided) of order α, with α > 0, are defined by
respectively.
Definition 2. [1]
Let I = (a, b) and f (x) ∈ AC n (a, b) and n − 1 < α < n, n ∈ N 0 . The Riemann-Liouville fractional derivatives (left-sided and right-sided) of function f of order α, are given by
respectively. a+ of function f ∈ C n (a, b) of order n − 1 < α < n and type 0 ≤ β ≤ 1, are defined by In addition to the above definition of fractional integral, we will see in section 5 a class of integrals and fractional derivatives. Due to the huge amount of definitions, i.e., fractional operators, the following definition is a special approach when the kernel is unknown, involving a function ψ. 
We will present the lemmas and theorem below, for details of their respective proves, see [1, 20] . Proof. See [1] .
Lemma 2. Let α > 0 and δ > 0.
Here we evoke two definitions of fractional derivatives with respect to another function, both definitions being motivated by the fractional derivative of Riemann-Liouville and Caputo, in that order, choosing a specific function ψ.
The Riemann-Liouville derivatives of a function f with respect to ψ of order α correspondent to the Riemann-Liouville, are defined by
where n = [α] + 1.
, R) two functions such that ψ is increasing and ψ ′ (x) = 0, for all x ∈ I. The left ψ-Caputo fractional derivative of f of order α is given by
and the right ψ-Caputo fractional derivative of f by
Lemma 3. Let α > 0 and δ > 0.
Proof. See [1] .
Proof. See [20] .
ψ-Hilfer fractional derivative
From the definition of fractional derivative in the Riemann-Liouville sense and the Caputo sense [1] , was introduce the Hilfer fractional derivative [2, 22] , which unifies both derivatives. Motivated by the definition of Hilfer, in this section we present our main result, the so-called ψ-Hilfer fractional derivative of a function f with respect to another function. From the fractional derivative ψ-Hilfer, we evoke some relations between the ψ-fractional integral and the fractional derivative ψ-Hilfer, which is a limited operator. In this sense, we study the law of exponents and other important results of the fractional calculus. (·) of function of order α and type 0 ≤ β ≤ 1, are defined by
The ψ-Hilfer fractional derivative as above defined, can be written in the following form To simplify the notation and the prove of some results, we will introduce the following notation:
On the order hand, with this notation we have
In particular, when 0 < α < 1 and 0 ≤ β ≤ 1, we have
Proof. In fact, integrating by parts Eq.(3.3), with u
So we conclude the prove. Similarly, one obtains the other case.
a+ f (x) and applying limit on both sides of Eq.(3.5), we obtain
Theorem 3. The ψ-Hilfer fractional derivatives are bounded operators for all n − 1 < α < n and 0 ≤ β ≤ 1, given by
Proof. First, we note that
Using the definition of ψ-Hilfer fractional derivative and Eq.(3.8), we obtain Theorem 4. Let n − 1 < α < n, n ∈ N and 0 ≤ β ≤ 1.
Proof. In fact, consider the function g (x) = I
(1−β)(n−α);ψ a+ f (x) and δ = n − β (n − α), using Remark 1 and Theorem 1, we have
and Integrating by parts, we have
Introducing the parameters A = γ − n = α + β (n − α) − n = α + βn − βα − n and B = (1 − β) (n − α) = n − α − βn + βα, we have A + B = 0. So, using Lemma 1 and by 1 AND E. CAPELAS DE OLIVEIRA 
Applying the left integral operator on both sides of this equality and using Theorem 5, we get
Then, we conclude that,
To prove the reverse, we assume that
Applying the derivative operator H D α,β;β a+ (·) on both sides of the Eq.(3.12), we get
Proof. Note that, I
α;ψ
Applying operator I α;ψ a+ (·) on both sides of Eq.(3.13) we obtain
Since γ < α, the right-hand side → 0 as x → a+, then we get 
The next result concerns the law of the semigroup between operators I 
with c ∈ (a, x), guaranteed by the mean value theorem for integrals [23] .
Miscellaneous results and examples
The convergence of functions has great importance for mathematics, specially in analysis, functional analysis, distributions theory and others. In this section, using the fractional ψ-Hilfer operator and the fractional integral operator, we present some results of uniformly convergent sequence. In addition, we discuss two examples involving the classical MittagLeffler function and the function (ψ(x) − ψ(a)) α .
Theorem 9. Let n − 1 < α < n, I = [a, b] be a finite or infinite interval and ψ ∈ C [a, b] a increasing function such that ψ ′ (x) = 0, for all x ∈ I. Assume that (f n ) ∞ n=1 is a uniformly convergent sequence of continuous functions on [a, b]. Then we may interchange the fractional integral operator and the limit process, i.e. Proof. We denote the limit of the sequence (f n ) by f . It is well known that f is continuous we then find
As f n is a uniformly convergent sequence, we conclude the proof. 
Proof. Using the Lemma 2 and Lemma 3, we obtain
Similarly, the same procedure is performed and we get 1 AND E. 
= λf (x) .
A wide class of fractional derivatives and integrals
The fractional calculus over time has become an important tool for the development of new mathematical concepts in the theoretical sense and practical sense. So far, there are a variety of fractional operators, in the integral sense or in the differential sense. However, natural problems become increasingly complex and certain fractional operators presented with the specific kernel are restricted to certain problems. So [1, 2] it was proposed a fractional integral operator with respect to another function, that is, to a function ψ, making such a general operator, in the sense that it is enough to choose a function ψ and obtain an existing fractional integral operator. In the same way, we have presented, in section 2 the fractional ψ-Hilfer derivative with respect to another function. In this section, we present a class of fractional integrals and fractional derivatives, based on the choice of the arbitrary ψ function.
For the class of integrals that will be presented next, we suggest [1, 2, 15, 16, 18, 20, 22, 24] .
(1) If we consider ψ (x) = x in Eq.(2.3), we have
the Riemann-Liouville fractional integral. (2) If we consider ψ (x) = x and a = −∞ in Eq.(2.3), we have
the Liouville fractional integral.
(3) If we consider ψ (x) = x and a = 0 in Eq.(2.3), we have
the Riemann fractional integral. (4) Choosing ψ (x) = ln x and substituting in Eq.(2.3), we have
the Hadamard fractional integral. (5) If we consider ψ (x) = x σ , g (x) = x ση f (x) and substituting in Eq.(2.3), we get
the Erdlyi-Kober fractional integral. (6) If we consider ψ (x) = x σ , g (x) = x ση f (x) , a = 0 and substituting in Eq.(2.3), we obtain
the Erdlyi fractional integral. (7) If we consider ψ (x) = x, g (x) = x η f (x) , a = 0 and substituting in Eq.(2.3), we obtain
the Kober fractional integral. 1 AND E. CAPELAS DE OLIVEIRA 1 (8) If we consider ψ (x) = x ρ , g (x) = x ρη f (x) and substituting in Eq.(2.3), we obtain
the generalized fractional integral that unify another six fractional integral. (9) Choosing ψ (x) = x ρ and substituting in Eq.(2.3), we have 1
and substituting in Eq.(2.3), we get
a+,α,β f (x) , the Prabhakar fractional integral. (11) If we consider ψ (x) = x, a = c and substituting in Eq.(2.3), we obtain 
the Riesz fractional integral. On the other hand, using the ψ-Hilfer fractional derivative operator Eq.(3.1) and Eq.(3.2), we present a wide class of fractional derivatives by choosing ψ, a, b and taking the limit of the parameters α and β. Then, from this wide class of integrals and fractional derivatives that are particular cases of the ψ-Hilfer fractional derivative, we conclude: our fractional derivative, introduced in section 2, really this a generalization of numerous fractional derivatives.
Concluding remarks
The main objective of this paper was to propose a new fractional derivative with respect to another function ψ, in the sense of the Hilfer fractional derivative. We discussed some important and interesting results from the ψ-Hilfer fractional operator and a example involving Mittag-Leffler functions. We discussed the importance of the operator in order to overcome a wide number of definitions, presenting a class of integrals and fractional derivatives.
An interesting question is to present a generalization of Gronwall inequality via fractional integral of f with respect to another function ψ and to study the existence and uniqueness of Cauchy-type problem by means of the ψ-Hilfer fractional derivative. On the other hand, seems to be possible a generalization for the ψ-Hilfer fractional operator, just considering the variable order α(x) and type 0 ≤ β ≤ 1. These topics are subjects of study in a forthcoming paper [25] .
